If the entire post-inflationary patch is large compared to our Hubble volume even a small level of non-Gaussianity can cause statistics of the primordial curvature field in our Hubble volume to be biased by mode coupling. We explicitly compute the variation of locally measured statistics of the primordial curvature ζ from non-Gaussian mode coupling within a specific inflationary scenario: the curvaton model with a quadratic curvaton potential. This "super cosmic variance" is calculated in two ways: (i) as a super observer who has access to the curvature perturbation field across the entire post-inflationary patch and therefore sees local statistics as biased by mode coupling and (ii) as a local observer who sees the statistics of ζ determined by the local values of quantities in their Hubble patch. The two calculations agree and show that in the quadratic curvaton model patch-to-patch differences in statistics of ζ can be interpreted entirely as a shift in the value of the curvaton field at freeze out. Applying the same arguments to single-field slow-roll inflation gives a simple picture of how non-Gaussian mode coupling between the curvature perturbations on very different physical scales must vanish in the attractor limit.
I. INTRODUCTION
Determining the physical mechanism responsible for seeding cosmic structure, for instance inflation, is one of the most exciting possibilities in cosmology. Our primary data from this era is the primordial inhomogeneities in curvature that give rise to anisotropies in the cosmic microwave background and seed cosmic structures such as galaxies [1] [2] [3] [4] [5] [6] . The statistics of the primordial curvature ζ, i.e. the power spectrum, bispectrum and trispectrum, can provide powerful information about inflationary models and alternative scenarios (see, for instance [7] ). Cosmic microwave background data puts stringent limits on deviations from Gaussian statistics for ζ, consistent with the predictions from the simplest single-field, slow-roll inflationary models [8] [9] [10] .
Observational constraints on the statistics of ζ are limited to measurements from within our Hubble volume but our Hubble volume may not be representative of the entire post-inflationary patch. For instance, local-type primordial non-Gaussianity induces correlations between small-scale fluctuations in ζ, measurable on sub-Hubble scales, and longwavelength fluctuations in ζ that are unmeasurable from within our Hubble volume. If the entire post-inflationary patch is large in comparison with our Hubble volume, the variance of these longwavelength fluctuations in ζ is large and observations of local statistics can be biased by coupling between modes on sub-Hubble and super-Hubble scales [11] [12] [13] [14] [15] [16] [17] [18] [19] . In this paper we refer to the variation in observational quantities among different Hubble-sized patches as "super cosmic variance" and changes to local quantities specifically from coupling between super and sub-Hubble scales as "mode coupling bias."
In [15] [16] [17] the mode-coupling bias is calculated from a statistical perspective. More precisely, it is assumed that the field ζ is defined across the entire post-inflationary patch and changes to the local statistics of ζ arise from coupling between shortand long-wavelength modes. We refer to this modecoupling calculation as from the perspective of a super observer, because it relies on knowing ζ across the entire post-inflationary patch. The purpose of this paper is to provide an alternative calculation of mode-coupling bias from the perspective of a subHubble observer. In this second calculation, subHubble quantities depend on the local background (e.g. the local expansion rate and/or energy density in some component) which vary among Hubblesized patches. To make things concrete we work with the curvaton scenario [20] [21] [22] , a particular two-field inflationary model that generates local-type nonGaussianity. As we shall see, the mode-coupling calculation agrees with the calculation of the local curvature perturbation in a background with parameter values shifted according to the amplitude of longwavelength modes. Agreement between the two calculations is expected and coincides with the physical picture that local-type non-Gaussianity arises when the amplitude of curvature perturbations that are generated depends on the background. In the curvaton scenario, the background dependence arises from the dependence of ζ on the freeze-out value of the curvaton. In the curvaton scenario, it is easy to see how local statistics may appear nearly Gaussian in a Hubble-sized patch, even if ζ is strongly nonGaussian across the entire post-inflationary patch: nearly Gaussian patches are merely regions where the curvaton field was displaced far from the potential minimum during inflation.
The bias from mode coupling discussed in this paper is just one aspect of the more general question of how to relate the values of quantities measured in our Hubble volume to those in the rest of the universe. For instance, even for a finite post-inflationary patch one might want to incorporate anthropic considerations to relate predictions from inflation to predictions for local observations (for example, [23] ). On the other hand, allowing for the possibility of eternal inflation [24, 25] complicates things further as predictions from inflation vary dramatically depending on how one assigns probabilities to different regions of spacetime (see for instance, [26, 27] and references therein). The mode-coupling bias discussed here and in [15] [16] [17] [18] is related to these issues, but the author considers it a simpler problem that can be studied independently. More precisely, changes to local statistics from mode coupling can arise in a finite, non-eternally inflating patch. And, though one can include an anthropic prior on the probability to observe particular values of quantities in our Hubble patch, the problem of choosing that prior can be considered separately from the volume-weighted probability that particular values of those local quantities exist.
The rest of this paper is organized as follows. Section II reviews the calculation from [17] relating local and global statistics from the perspective of the super observer (see also, [15, 16] ). The calculation in §II gives a general expression for the mapping from global to local quantities without reference to a particular inflationary model. In §III, we calculate curvature perturbations in the curvaton model and compare the prediction from §II to what is seen by a local observer with background parameters shifted by long-wavelength curvaton perturbations. In §IV we repeat the calculation of the dependence of local ζ on long wavelength perturbations in single-field slow-roll inflation. For single-field slow-roll inflation on an attractor solution the local curvature power spectrum does not vary with long-wavelength perturbations in the inflaton.
II. CURVATURE PERTURBATIONS FROM THE PERSPECTIVE OF THE SUPER OBSERVER
Before proceeding we review definitions of the locally and globally defined curvature perturbation and the expressions for mode coupling in the presence of weak, local-type primordial non-Gaussianity. The discussion here follows [17] but see also [15, 16, 18] .
Following [28] , letã be the locally defined scale factor, and we factorã into a spatially homogeneous piece and a perturbation,ã = ae ζ(x) where ζ is a perturbation with volume average equal to zero over a volume V L -the region we have been referring to as the entire post-inflationary patch. In the uniformdensity slicing the variable ζ corresponds to the conserved curvature perturbation on super-horizon scales. A local observer may define the curvature perturbation with respect to some smaller volume V S (for instance for our Hubble patch
where
With these definitions a change in reference volume amounts to an additive shift in the perturbations by an amount ζ L . The long-wavelength mode ζ L is unobservable and causes unknown, random shifts to locally measured parameters. Note that ζ L has contributions from all modes with wavelengths longer than our horizon scale and is therefore boosted from the naive guess of ∼ 10 −5 by roughly a factor of N = ln V L /V S ; for a more detailed discussion see [17] .
Consider a situation where the non-Gaussian statistics seen by the super observer (with access to all of V L ) can be written as a local non-linear transformation of a Gaussian field, for instance
where indicates averages over V L . Non-linearity in the variable ζ G couples Fourier modes of ζ on different scales. Splitting the Gaussian field ζ G in Eq. (4) into short-and long-wavelength pieces, ζ G,S and ζ G,L , the curvature perturbation seen by a local observer (Eq. (1)) is
where the . . . indicate higher-order terms in ζ G,S . To lowest order in ζ G,L , the power spectrum and nonGaussian parameters as measured locally in V S are
Equations (6) - (8) are general expressions for the locally measured statistics of the curvature perturbation in the presence of a long wavelength fluctuation ζ G,L . In the next few sections we will calculate perturbations as a function of the local background values of parameters, which may vary with ζ G,L , and show that the variation in ∆ 
III. CURVATURE PERTURBATIONS IN THE CURVATON MODEL
Let us now review the calculation of perturbations in the curvaton model. To keep things simple, assume that there is no coupling between the curvaton and inflaton and that the curvaton potential is exactly quadratic. Relaxing these assumptions leads to a wider range of possibilities for the statistics of ζ in the curvaton scenario (see for instance [29, 30] ).
The calculations here mostly follow the notation of [22, 31] , but we pay special attention to how averages are defined and how quantities are split between background and perturbations. Throughout we make the sudden-decay approximation, interpreted as saying the curvaton decays when the local Hubble rate is some fixed value Γ. In §III B we assume that the energy density of the universe is dominated by the curvaton at the time of curvaton decay, and in §III C we allow contributions to the energy density from both curvaton and radiation.
A. Generation of curvaton perturbations during inflation
We assume that there are no couplings between the inflaton and the curvaton and that the inflaton φ dominates the energy density during inflation. In this limit contributions from the curvaton σ can be neglected in the Friedmann Equation:
For a curvaton with a quadratic potential V curv. (σ) = 1 2 m 2 σ 2 the equation of motion for the spatially homogenous part is
where˙is the derivative with respect to time. On super horizon scales (k/a ≪ H) the perturbations satisfyδ
where the field perturbations are defined with respect to spatially flat hypersurfaces. For m ≪ H, the spectrum of curvaton perturbations is
where H exit is the value of the Hubble parameter when a mode with wavenumber k exits the horizon. Note that since the inflaton dominates the energy density, H exit and therefore ∆ 2 σ are completely determined by φ. In particular, the variance of curvaton perturbations ∆ 2 σ is not affected by long-wavelength fluctuations in σ.
B. Curvature perturbations from the curvaton I: curvaton dominates the energy density at decay
Suppose that at the end of inflation the curvaton freezes out at some value σ * . We assume that there is no evolution of the curvaton field on super horizon scales so that σ * is also the initial amplitude of the field when the curvaton begins to oscillate about the potential minimum (see [31] for possible changes to for non-quadratic curvaton potentials). During this period ρ σ ∝ a −3 . Curvature perturbations are generated when the curvaton decays. In the sudden-decay approximation, curvaton decay happens when the local density
pl where Γ is the decay rate. Regions with different values of δσ, say δσ 1 and δσ 2 , will have differences in the curvature perturbation ζ 1 and ζ 2 related through
(13) The difference in the expansion between two regions with different δσ values is,
gives
, and h N L = − 125 32 .
Plugging these values into Eqs. (6) - (8), one predicts that an observer on a long-wavelength fluctuation ζ G,L will see the power spectrum changed by a factor (1 − 3ζ G,L ) but the values of f N L and g N L are unchanged,
Note however that while the numerical values of f N L and g N L are unchanged by a long-wavelength mode, the level of non-Gaussianity as characterized by the dimensionless cumulants
ζ , does vary with ζ G,L .
Perturbations calculated by a local observer on a long-wavelength fluctuation δσL
Now we calculate the small-scale statistics of the curvature in a region with a long-wavelength fluctuation in σ. Since it is the inflaton that determines the curvaton fluctuations δσ, the sole effect of a longwavelength perturbation in the curvaton is to change the reference value of σ: σ * → σ * + δσ L but the total 
where in this case
One sees that the coefficients in the expansion Eq. Note that it can already be seen in Eq. (14) that f N L and g N L will not vary with δσ L : a long-wavelength mode changes δσ/σ * , not the numerical coefficients of δσ/σ * in the Taylor expansion of Eq. (14).
C. Generation of curvature perturbations from the curvaton II: curvaton and radiation present when curvaton decays
Now we consider the case where both the curvaton and radiation are present when the curvaton decays and assume that there are no perturbations to the radiation energy density. The curvature perturbations are determined by
We can expand in the small quantities δσ and ζ and solve the above equation order by order to find the curvature perturbation ζ. Defining
the expression for the curvature is + . . .
one can write Eq. (26) as an expansion with the usual local form given in Eq. (4) with We now solve for the curvature perturbation treating ρ σ , ρ r as parameters that vary among patches with different values of δσ L . One has,
+ρ r e −4ζ .
The local curvature perturbation is given by the same expression as before in Eq. (26),
but with a shift in σ * and the local value of r, here called r| S , shifted as well. The local value of r is changed by both the long-wavelength contribution to ρ σ and the fact that the local decay time (in the region with δσ L ) is different, so the local values of ρ σ and ρ r used in the expressions for ζ will be different as well. The decay time (i.e. the time at which the surface of constant energy satisfies
The local values of ρ σ and ρ r at the time of decay are
and
The local value of r at curvaton decay is then
so the local variance of curvature perturbations is
in agreement with the general expression for the shift in ∆ 2 ζ in terms of f N L and ζ G,L given in Eq. (17) . Shifting the values of r in Eqs. (28) and (29) gives
again in agreement with the predictions from modecoupling equations Eq. (7) and Eq. (8).
IV. INFLATON-ONLY CASE
In this section we apply the same logic to singlefield slow-roll inflation to show that (for perturbations along an attractor) the local curvature perturbations are not modulated by long-wavelength fluctuations, as they are in the curvaton case. We first review the standard calculation of inflationary perturbations in the Hamilton-Jacobi formalism [32] (for a recent review see [33] ). We then calculate small-scale perturbations in the presence of a long-wavelength fluctuation in δφ and recover the single-field consistency relation [34, 35] .
A. Generation of curvature perturbations in single-field inflation
In single-field slow-roll inflation the equation of motion for the inflaton is
In the super-horizon limit k/a ≪ H, the equation of motion for the perturbations is
So the spectrum of inflaton perturbations is given by
We define the slow-roll parameters as
In the limit that ǫ, η ≪ 1 the inflaton equation of motion reduces to
which is a first-order equation, so the value of the field φ completely specifies the value ofφ. In this regime we can use the field value φ as a time variable [43] . The equation of motion for the inflaton can be written as
If the inflaton is the only source of energy we can relate perturbations in the inflaton energy density to perturbations in the expansion via
which gives the leading-order in slow-roll parameters expression for the variance of curvature perturbations as
where H exit again is the value of the Hubble parameter when the mode k crosses the horizon. The spectral index is
B. Curvature perturbations on a long-wavelength mode
We now calculate the amplitude of small-scale curvature perturbations in a region with a longer wavelength fluctuation δφ L . The local value of the Hubble parameter in a region with δφ L is changed to
and the local slow-roll parameters are
The mode k now crosses the horizon at
so the small-scale power in the region with a longwavelength perturbation δφ L is
where we've identified d ln a/dφ δφ L = ζ L . We see that, in the attractor limit where φ is the only degree of freedom the value of φ completely specifies all quantities: the power spectrum of δφ, the length scale (set by the horizon), and the amplitude of curvature perturbations. In particular, fluctuations on large scales (or prior fluctuations in δφ) do not modulate the locally measured small-scale power. Note that perturbations generated during a non-attractor phase may behave differently (see, e.g. [36] [37] [38] ).
To make contact with the Maldacena relation [34] , note that we have used the comoving scale k defined by scaling out by the local observer's scale factor ae ζ L .
Rewriting Eq. (55) in terms of k global reintroduces the dependence on ζ L ,
For a detailed discussion of how to relate the consistency relation to observables for an observer with access to both the long-and short-wavelength modes see [39] [40] [41] [42] .
V. DISCUSSION
In §III we explicitly computed the dependence of local curvature fluctuations generated by the curvaton on the amplitude of longer-wavelength modes ζ L . In the case where the curvaton dominates the energy density at decay, a closed-form non-linear expression relates ζ to the local values of δσ and σ * . From Eq (9), Eq. (12) and Eq. (14) it is clear that the sole effect of a long-wavelength mode δσ L is to shift the apparent value of the curvaton field at the end of inflation from σ * to σ * + δσ L . In the case where radiation is also present at curvaton decay, the amplitude of curvature perturbations depends on δσ, σ * and r, a parameter quantifying the relative amounts of curvaton and radiation at the decay time. A longwavelength mode δσ L may have a larger effect on the local statistics because the value of r at the decay time is shifted in addition to the reference value of σ * . However, a local observer in a region with large δσ L would again interpret their local statistics as consistent with the predictions of the curvaton model with a quadratic potential but with a shifted value of the field position at the decay time σ * → σ * + δσ L .
The curvaton example also gives some insight into the scenarios in [15, 17] in which the locally observed statistics of ζ appear only weakly non-Gaussian despite the fact that the global statistics of ζ are strongly non-Gaussian. Suppose that on average the global value of σ * is ∼ < δσ. In this case a super observer would describe the statistics of ζ as strongly non-Gaussian (the dimensionless cumulants of ζ are O(1)). If inflation lasts for a long time there will be some Hubble-sized patches where the curvaton field has experienced many kicks away from the potential minimum giving a local value of σ * that is large compared with the typical δσ. These regions, with σ * | S ≫ δσ, will have statistics that appear to be only weakly non-Gaussian. Note that σ * being large in comparison to δσ ∼ H does not spoil the criterion ρ σ ≪ ρ φ .
For comparison, we repeated the calculation of the dependence of local curvature perturbations on longwavelength perturbations in single-field slow-roll inflation. We see that, as expected, for perturbations generated during inflation on an attractor solution the small-scale power spectrum does not vary with ζ L .
